One of the challenges that limit the amount of information that can be inferred from radar measurements of ice and mixed-phase precipitating clouds is the variability in ice mass within hydrometeors. The variable amount of ice mass within particles of a given size drives further variability in single-scattering properties that results in uncertainties of forward-modeled remote sensing quantities. Nonspherical ice-phase hydrometeors are often approximated as spheroids to simplify the calculation of single-scattering properties, yet offline calculations remain necessary to quantify these radiative properties as a function of size in discrete increments. In this paper, a simple scaling of the Clausius-Mossotti factor is used that allows for an approximation of the scattering and extinction cross sections for an arbitrary mass-dimensional power-law relationship of a nonspherical particle given a single T-matrix calculation. Using data collected by the University of Wyoming King Air in snow clouds over the Colorado Park Range, the uncertainty in forwardmodeled radar reflectivity to assumptions regarding mass-dimensional relationships is examined. This is accomplished by taking advantage of independently measured condensed mass and particle size distributions to estimate the variability of the prefactor in the mass-dimensional power law. Then, calculating the partial derivative of the radar backscatter cross sections using the scaling relationships, an estimate is made of the statistical uncertainty in forward-modeled radar reflectivity. Uncertainties on the order of 4 dB are found in this term for the dataset considered.
Introduction
Numerous approaches have attempted to better quantify the relationships between ice-phase hydrometeors and observed radar reflectivity from a variety of radar observation platforms (Ohtake and Henmi 1970; Boucher and Wieler 1985; Bohren and Singham 1991; Matrosov 1992; Mitchell 1996; Reinking et al. 1997; Okamoto 2002; Heymsfield et al. 2002; Matrosov 2007; Petty and Huang 2010; Schmitt and Heymsfield 2010; Botta et al. 2011; Hogan et al. 2012; Matrosov et al. 2012; Johnson et al. 2012; Tyynelä et al. 2013 ). Many of these approaches have made use of both numerical solutions to Maxwell's equations and analytic approximations for calculating the scattering properties of small particles such as Rayleigh theory (Rayleigh 1881), Mie theory (Mie 1908 ), RayleighGans theory (Gans 1925) , the discrete dipole approximation (DeVoe 1964), the T-matrix method (Waterman 1965) , the finite-difference time domain method (Taflove and Brodwin 1975) , and the generalized multiparticle Mie method (Xu 1995) . Within the realm of applied atmospheric science and radar meteorology, the singlescattering radiative properties of ice-phase hydrometeors are typically integrated across a particle size distribution (PSD) for the purpose of diagnosing additional information about other important cloud physical characteristics. Before this integration can be performed, however, several questions must first be addressed regarding the inherent radiative properties of the icephase hydrometeors in question:
(i) What level of approximation to the geometries of the scattering particles (i.e., spherical, oblate, prolate, hexagonal, fractal, etc.) is necessary to answer a scientific question? (ii) Is the dominant particle type composed of a mixture of materials such as air and ice, ice and liquid, or ice and air and liquid? (iii) If the particle is composed of a mixture of materials, is it sufficient to assume that the materials are homogenously mixed throughout the volume of the chosen geometry (i.e., the assumption made in the T-matrix method) or is it necessary to assume that the material is nonhomogeneously concentrated? (iv) What information is available to justify assumptions in and quantify the uncertainties of the ice crystal characteristics that control the single-scattering properties?
In an attempt to address a similar set of questions, Goedecke and O'Brien (1988) (for Ka band) as well as Schneider and Stephens (1995) (for W and Ka bands) made comparisons between the discrete dipole approximation (DDA) and the T-matrix method (TMM) for differing ice particle shapes but the same mass-dimensional relationships. In general, their findings showed errors of less than 15% or 0.6 dB-much smaller than the margin of error typically assumed for most radar calibrations of 1-2 dB (Hogan et al. 2003) . More recently, Penttila et al. (2007) and Yurkin and Kahnert (2013) have found only slight differences between calculations using the TMM versus four of the most popular DDA scattering codes, including discrete dipole approximation scattering (DDSCAT; Draine and Flatau 1994) and A-discrete dipole approximation (ADDA; Yurkin and Hoekstra 2011) . In Penttilä et al. (2007) , for a spheroidal geometry with an axial ratio of 0.5, the authors found the relative accuracy for intensity to be between 2% and 6% and the absolute accuracy for the linear depolarization ratio to range only from 1% to 3%. In Yurkin and Kahnert (2013) , a cubic geometry was assumed and the results were again compared for the intensity and linear depolarization ratio as calculated with the ADDA and the TMM methods. While ADDA was found by Yurkin and Kahnert to have a lower relative error in the calculated intensity and could generally outperform the TMM, the difference in the relative error between ADDA and the TMM was only from 0.01% to 0.3%. Finally, Tyynelä et al. (2011) also made comparisons between the TMM for low-density spheroids constructed with the Maxwell Garnett effective medium approximation (Maxwell Garnett 1904) and ADDA for fractal and aggregate structures, all with the same mass-dimensional relationships over four different radar frequencies (C, Ku, Ka, and W bands). Tyynelä et al.'s findings show that while there is generally good agreement in the calculation of the radar backscatter cross section s b between the particle models at the C and Ku bands at all particle sizes, there are notable discrepancies in backscatter cross sections s b at Ka and W bands, as large as a factor of 10 for Ka band and a factor of 100 for W band. These discrepancies, however, occur for particle sizes with maximum dimensions D equal to or much larger than 5 mm (see Tyynelä et al.'s Fig. 6 ). This finding raises the question of how important these discrepancies are when TMM calculations are applied to natural PSDs when little or no additional information is to be had regarding the specific ice crystal habits that are present. In addition to the theoretical studies mentioned above, there has been significant progress in using scanning polarimetric weather radar measurements to characterize the microphysical properties of ice clouds (e.g., Kumjian 2013; Bechini et al. 2013) . As a matter of fact, the characterization of polarimetric scattering signatures from numerical solutions of Maxwell's equations at various frequencies and with various methods provides the theoretical underpinning for interpreting the polarimetric radar data. However, a large quantity of research radar data exists now and more will be generated in coming years where little or no polarimetric information is available at angles beyond vertical. These include Ka-and W-band data collected at the Department of Energy's Atmospheric Radiation Measurement Program (ARM) sites (Mather and Voyles 2013) since 1997, W-band data collected by the National Aeronautics and Space Administration (NASA) CloudSat satellite (Stephens et al. 2008 ) since 2006, W-and X-band data collected from the NASA ER-2 aircraft on many research missions (G. M. , and in the near future W-band data from the European Space Agency's EarthCare mission (ESA 2004) , among others. All of these datasets were collected with an objective of estimating the microphysical properties of clouds and precipitation. Without additional information, the algorithm developer is left to either make an assumption regarding what specific habit is present in a particular instance and use results from DDA or similar algorithms, or use more general and broadly applicable characterizations of the singlescattering properties such as from TMM or RayleighGans theory (Hogan et al. 2012 ) and then account statistically for the uncertainties in those assumptions. The use of TMM or Rayleigh-Gans theory in situations where limited information is available regarding habit seems potentially justified in situations where the volume-integrated s b is not dominated by particles with sizes in excess of several millimeters since the relative simplicity of such scattering solutions facilitates a statistical characterization of uncertainty, as we show below. Hogan and Westbrook (2014) recently demonstrated an innovative modification to Rayleigh-Gans theory that allows for the calculation of s b for particle sizes much larger than the wavelength.
One of the principal assumptions in TMM and RayleighGans theory is of the effective density of ice within particles that compose the PSD. In Rayleigh-Gans theory an additional assumption regarding the distribution of mass within the particle is also necessary (Hogan and Westbrook 2014) while TMM assumes that the ice mass within the particle boundaries is distributed uniformly. Depending on the nature of the environment, the effective density can range from dense heavily rimed graupel to an extremely sparse distribution of mass such as within pristine unrimed snowflake aggregates or cirrus crystals. One could argue that this effective density function should be as much a target of the retrieval algorithm as the ice water content or the effective radius. In any case, in order to calculate the uncertainty due to the effective density assumption in statistical retrieval algorithms (i.e., Delanoë and Hogan 2008; Deng et al. 2010) , it is necessary to approximate the sensitivity of the backscatter cross section, integrated across the particle size distribution, to the choice of effective density. To accomplish such sensitivity calculations in radar-based retrieval algorithms applied to large datasets, one must rapidly compute backscatter-cross-section-size relationships at arbitrary effective densities.
In an effort to address this need for rapid calculation of s b for arbitrary effective densities and to quantify the sensitivity of such assumptions on forward-modeled radar reflectivity, we use three nearly equivalent variants of an approximation to the Clausius-Mossotti relation for the polarizability of a dielectric material. Effectively, each variant scales a TMM-calculated s b for a prescribed ice particle mass-dimensional relationship and spheroidal axial ratio at a particular scattering geometry to a new s b approximately valid for an arbitrary massdimensional relationship holding the axial ratio and scattering geometry fixed. This approximation is validated against both in situ cloud probe PSDs collected during the Colorado Airborne Multiphase Study (CAMPS) field campaign (Dorsi 2013) , as well as against 150 actual TMM-calculated s b for several radar wavelengths (W, Ka, Ku, and X bands), mass-dimensional relationships, spheroidal axial ratios, and a range of particle sizes D. Similar to the findings of other authors, although our scaling approximation is found to be valid to within 0.2 dB as compared with TMM-calculated s b when applied to natural PSDs, instabilities were found to exist in our approximation as D becomes larger than 3-5 mm at W-and Ka-band frequencies. However, as we demonstrate in section 4 with the CAMPS data, this discrepancy largely cancels when natural PSDs are considered and we show that assumptions regarding effective density can result in substantial uncertainties in forward-calculated radar reflectivity.
Background
The need for an ''average'' or ''effective'' relative permittivity derived from a mixture of dielectric materials has over the last century led to numerous dielectric mixing formulations depending on the number of materials to be mixed and to what degree. Of the most widely used for a simple two-component mixture of air and ice are the Maxwell Garnett effective medium approximation (Maxwell Garnett 1904) , the Debye formulation (Debye 1909) , and the Bruggeman formulation (Bruggeman 1935) . While all three of these methods have been shown to compare well to one another under certain assumptions (Bohren and Battan 1980; Johnson et al. 2012) , for the purposes of continuity with our precalculated TMM results (Matrosov 2007) , the Maxwell Garnett effective medium approximation was chosen for use in this study. Taken from Bohren and Huffman (1983) , the Maxwell Garnett effective medium approximation is given in Eq. (1), where E eff is the effective complex relative permittivity, E m is the complex permittivity of the matrix material (air), E i is the complex permittivity of the inclusion (ice), and f is the volume fraction of E m :
To write E eff as a function of the scattering-particle mass and maximum dimension, f must be recast as a function of the approximated mass (m)-dimensional relationship, which is most commonly represented as a power law (Locatelli and Hobbs 1974; Pruppacher and Klett 1978; Mitchell 1996; Szyrmer and Zawadzki 2010) and given in Eq.
(2), where D is the variable maximum dimension of the particle and a m and b m must be either assumed, empirically estimated, or potentially retrieved. Equation (3) then gives an expression for f, where V os is the volume of an oblate spheroid and r ice is the density of pure ice that can be incorporated back into Eq. (1) making E eff a function of the approximated mass and consequently D:
Hereinafter, Eq. (2) will be referred to as m-D relationships. Of equal importance and closely related to E eff is the polarizability a of the ice-air mixture. As shown in the electrostatic formula given in Van de Hulst (1957) , a is a tensorial quantity that describes the relationship between the applied electric field and the particle's induced dipole moment. For conditions in which D is much smaller than the wavelength of the incident radiation, well-known formulations for a can be employed in the case of Rayleigh scattering, such as the Lorentz-Lorenz formula (Liou 1980) , which was originally derived from the Clausius-Mossotti relation (Rysselberghe 1932) . As D of the particle becomes more equivalent to the wavelength of the incident radiation, or the particle becomes more nonspherical in its geometry, modifications to the classical polarizability theory of Rayleigh scattering also become necessary, such as the Purcell-Pennypacker method (Purcell and Pennypacker 1973) , RayleighGans theory (Bohren and Huffman 1983) , or the more recently published Modified Rayleigh-Gans theory (Hogan et al. 2012) . What remains unremitting among all of these modified particle-scattering theories is the Clausius-Mossotti factor K, given in Eq. (4), which is derived directly from the Clausius-Mossotti relation:
First explicitly given in Clausius (1879) and based on the earlier work of Mossotti (1850) , the Clausius-Mossotti relation and consequently K apply to the complex relative permittivity of a material that is both homogeneous and isotropic, notably not too dissimilar from the standard assumptions made for TMM calculations. Since the works of Clausius and Mossotti, K has arisen repeatedly in the contexts of both the conductivity and refractivity of materials as well as in the very well-known Maxwell's theory for electromagnetism, upon which the TMM is based (Mishchenko et al. 1996) .
Methodology
The representation of s b (D) is central to the calculation of the equivalent radar reflectivity factor Z e , which is given by Doviak and Zrni c (1993) among others and shown in Eq. (5), where l is the radar wavelength, K w is the dielectric factor calculated from Eq. (4) when using the relative permittivity of water, and N(D) is the representative PSD:
Assuming that the particle geometry in a prior TMMcalculated s b (s TMM ) matches that of a particle of different m-D relation, and shares the same coordinate system and angle of incident radiation, it is straightforward to develop scaling relationships that convert from s TMM to an arbitrary s b at different levels of approximation, as shown below. Further, we use the oblate spheroidal particle model. This simple model was previously found to satisfactorily describe ice cloud depolarization ratios, dual-wavelength ratios, and differential reflectivities observed in a number of studies (e.g., Matrosov et al. 2001 Matrosov et al. , 2005a Hogan et al. 2012) . Although it was shown that for individual largest particles at W band this model can underestimate backscatter (e.g., Hogan and Westbrook 2014) , it still usually provides a reasonable approximation for backscatter integrated over realistic size distributions. We also assume vertical electromagnetic wave incidence upon particles oriented with their major dimensions in the horizontal plane. In the absence of strong electrical fields, such particle orientations are dictated by aerodynamic forcing and particle wobbling relative to the mean horizontal orientation, which is often less than 108 (e.g., Matrosov et al. 2005b) .
As given in Van de Hulst (1957) , the scattering cross section C sca for small particles is a function of the wavenumber k and the polarizability tensor a. For a spheroidal particle, a becomes a function of a shape factor L along the major axis of the spheroid, and for the isotropic case of spheres (L 5 1 /3), a becomes proportional to K as given above in Eq. (4). In addition to knowledge or assumptions about L, what is necessary for the scaling is that the E eff of the known s TMM (E TMM ) is the E eff of the spheroid that is being approximated (E approx ) using a desired m-D relationship via Eq. (1). Approximating the new backscatter cross section then requires multiplying the original s TMM by a factor J L :
In many applications, using a simpler isotropic assumption is justified. Then, J L reduces to the square modulus of the quotient of Clausius-Mossotti factors:
and (8)
One advantage to scaling with J K as opposed to J L is that it does not require prior knowledge of L, simplifying the calculation. However, since J K is approximately proportional to the squared ratio of densities (Matrosov et al. 2001) , J K can be further simplified as being proportional to the square of the ratio of the desired mass m approx and the original mass used for the TMM calculation m TMM :
m TMM 2 and (10)
For moderately nonspherical ice particles with axial ratios ranging from 0.1 to 0.9, it is shown next in section 4 that while scaling with J L yields the best overall results, scaling with J K or J M produces relatively good results when integrating over an entire PSD.
To establish the validity of Eqs. (7), (9), and (11) (Fig. 1) , where an analytic approximation for s TMM from Hogan et al. (2012) , the modified Rayleigh-Gans approximation [their Eq. (15)], has also been plotted. We find generally good agreement with s TMM and the modified Rayleigh-Gans approximation, although large deviations exist in the extrema for D . 3 mm. Repeating this procedure for all of TMM-110, the root-meansquare error (RMSE) and the mean bias for s J L , s J K , and s J M when compared with their corresponding s TMM are given in Fig. 2 , with no single RMSE ever exceeding 0.0017 cm 2 . This indicates that for most practical applications the scaling approximations are valid within a small margin of error. For applications when D is known to be small (,0.1 cm) and particles relatively dense (r $ 0:8 g cm 23 ), such as for cirrus cloud PSDs (Pruppacher and Klett 1978) , the additional complexity of J L may still be warranted. The potential importance of this distinction is shown in Fig. 3 , where for W band the source s TMM (m 5 0:002D 1:5 ) was scaled to a new and arbitrarily chosen s TMM (m 5 0:005D 2:4 ) using both the s JL and the s JK . After taking the ratio s JK /s JL as a function of each increment of D, it can be seen that for very small particles the difference between s JL and s JK can become appreciable. Conversely, as D increases to sizes more typical of ice-phase hydrometeors observed in mixed-phase clouds, Fig. 3 also shows that this distinction becomes much less of an issue as bulk densities decrease.
To determine whether there is potential for significant discontinuities to be present between s TMM and s JL , s JK , or s JM for particular values of D, we calculated a mean ratio s J (L,K,M) /s TMM as a function of D across all of TMM-110 at W band (Fig. 4) , where each individual point on the scatterplot corresponds to the mean ratio taken across TMM-110 for each increment of D. The most notable deviations between s J (L,K,M) and s TMM are in the resonance region of s TMM , where D begins to approach l. Otherwise, mean ratios of near 1.0 are found for D up to approximately 0.24 cm. Beyond this size, deviations from s TMM are due to the slight shifts in the magnitude of the resonance maxima and minima that could not be exactly replicated by scaling or with the modified RayleighGans approximation. 
Results: Sensitivity of Z e due to m-D assumptions
In general, a radar reflectivity is observed that results from an integration of s b across a range of particle sizes weighted by a single PSD within a radar sample volume. Typically, inferring the bulk properties of the hydrometeors within the sample volume is the object of the remote sensing measurements (e.g., Delanoë and Hogan 2008; Deng et al. 2010 ). For ice-phase hydrometeors, the variability in s b due to ice particle habits is a significant limiting factor in the accuracy of such inversion techniques (Kulie et al. 2010) , as discussed in section 1. In situ aircraft data suggest (Hogan et al. 2012 ) that an axial ratio near 0.6 is often relevant, yet m-D relationships still vary significantly. Szyrmer and Zawadzki (2010) , for instance, showed that a m for a typical m-D relationship can vary naturally over a factor of 2 in snow, while Schmitt and Heymsfield (2010) showed similar deviations for cirrus clouds. In this section, using the simple scaling relationships given above, we evaluate the sensitivity of forward-calculated Z e due to assumptions in m-D relationships using data collected during the CAMPS field campaign.
The CAMPS field campaign took place during the winter of 2010/11 over the Park Range of Colorado and was conducted by the University of Wyoming King Air (Dorsi 2013) . During CAMPS, the Wyoming King Air The inflection point in s TMMsource is due to a constraint of the particle bulk density by that of solid ice when a given m-D relationships yields a particle mass that exceeds that of solid ice for an equivalent volume.
conducted 30 flights in mixed-phase clouds collecting ice crystal PSDs using the Particle Measurement System Particle Measuring Systems, Inc., cloud imaging probe (CIP) and two-dimensional precipitation (2DP) probes. Congruently, CAMPS efforts were coordinated with ground-based measurements collected during the Storm Peak Laboratory Cloud Property Validation Experiment (StormVEx), which was also taking place in the Park Range at the time (Matrosov et al. 2012; Marchand et al. 2013) . In this study, the in situ collected PSDs were merged by neglecting particle sizes smaller than D 5 50 mm in the CIP and by truncating at approximately D 5 800 mm, beyond which size the 2DP data are used. Modified gamma functions were then fitted to the resulting composite particle spectra to create approximately 35 000 ten-second average PSDs of the form
where N 0 , D 0 , and a are the scale parameter, the size parameter, and the shape parameter, respectively, of the fitted modified gamma distribution. As our point of comparison between TMM calculations, the scaling approximations, and the in situ PSDs, we calculate s JK for all TMM-10 tables and TMM-110 tables (for r 5 0.6), using their corresponding m-D relationships (total of 444 calculations of s J K ). Then, Z e was computed using s J K and s TMM at W-, Ka-, Ku-, and X-band frequencies using the fitted PSDs. Results of this comparison across all four frequencies never show an RMSE value greater than 0.198 cm 2 , as depicted in Fig. 5 for W band. In terms of Z e , this is equivalent to an RMSE of less than 0.2 dB. These results suggest that although large deviations in s JK may exist for particles near and in excess of the radar wavelength at higher frequencies, these effects are mitigated when integrating over realistic ice-phase hydrometeor PSDs.
It is rare in airborne campaigns that bulk ice water contents (hereafter q) are measured independently of the PSDs. In CAMPS, a version of the University of Colorado closed-path tunable laser hygrometer (CLH; Davis et al. 2007 ) was flown on the King Air (Dorsi 2013) . From the CLH measurement of total water, we subtract the liquid water content reported by the Gerber PVM100 (Gerber et al. 1994 ) to estimate q. From the fitted modified gamma PSDs, it is straightforward to derive an expression for q using Eq. (2) in Eq. (13) and integrating:
For this illustration we assume that b m 5 1.9 (a value typical of snowfall from mixed-phase clouds; Szyrmer and Zawadzki 2010) and solve for a m , where 0.005 , q , 0.5 g m
23
.
The distribution of estimated a m from the CAMPS deployment is plotted in Fig. 6 . We find a somewhat skewed distribution in a m with a modal value near 0.004 (cgs units), an average near 0.07, and a standard deviation that is a bit more than a factor of 2 larger than the mean value. These statistics are typical (Mitchell 1996; Szyrmer and Zawadzki 2010; Schmitt and Heymsfield 2010) .
To illustrate the effect of the variability of a m on Z e we calculate two versions of Z e using the scaling relation in Eq. (7) with the mean values reported in Szyrmer and Zawadzki (2010) (a m 5 0.0039 and b m 5 1.9) and the other using the specific a m derived from Eq. (14) for each PSD-q combination. We filter the Z e calculations using the envelope of Z e -q relationships reported in Kulie et al. (2010, their Fig. 1 and Table 1 ). Any Z e -q combination that falls outside of this envelope is assumed invalid. The variance of the specific Z e about the average Z e provides an estimate of the sensitivity in forwardmodeled Z e that a retrieval algorithm would incur by specifying the m-D relationship as the average for the CAMPS campaign. Figure 7 shows that comparison for W band (the other radar bands produce nearly identical results to within 0.001-dB RMSE of the W-band results). We find that the RMSE is on the order of 4.2 dB or nearly a factor-of-3 sensitivity in Z e .
This value of sensitivity in Z e is substantial. Were we to implement a Z e -q regression-based algorithm (see, e.g., Protat et al. 2007; Kulie et al. 2010) , namely, q 5 aZ b e , the fractional uncertainty in q as a function of the fractional uncertainty in forward-modeled Z e may be estimated as follows:
The exponent b in q 5 aZ b e is on the order of 0.8, as shown in Kulie et al. (2010) . So, a factor-of-3 forward-model uncertainty in Z e results in approximately a factor-of-2.5 fractional uncertainty in derived q.
Many of the more recent cloud-and precipitationproperty retrieval algorithms (Delanoë and Hogan 2008; Deng et al. 2010 ) adopt a variational retrieval framework based on Bayes's law known as optimal estimation or OE (Rodgers 2000) . Letting x be the vector of the cloud or precipitation properties to be retrieved, the OE technique consists of minimizing the sum of the weighted distances between a set of observations y and a corresponding set of forward-modeled measurements F(x) and between x and a suitable a priori estimate of the desired cloud properties a. Assuming Gaussian statistics, this is accomplished by minimizing the scalar cost function:
with respect to x. Here, T indicates transpose. The set of physical forward models relating cloud properties to the FIG. 4 . The mean ratio is a measure of how the scaling relationship variants performed as compared with the actual TMM at W band as a function of particle maximum dimension across the entirety of TMM-110. Each point on the plot (circle, square, or diamond) represents the mean ratio of 110 individual ratios, taken for each variant of the JFA.
observations is denoted by F(x), S a is the a priori error covariance matrix, and S y is the measurement error covariance matrix. Not only does S y represent instrument noise or calibration uncertainty but also the impact of uncertainties in empirical parameters (i.e., the m-D relation) used in the forward model F(x) of remote sensing observations. Specifically,
, where S « represents instrument noise or calibration uncertainty, K b represents the sensitivity or Jacobian of the forward model to the empirical parameters, and S b represents the covariance of the empirical parameters that actually occur in nature.
The OE technique also provides associated uncertainties within the limitations of Gaussian statistics. The retrieval error covariance matrix S x of the retrieved properties accounts for uncertainties in the forward model, in the measurements, and in the a priori data:
where K x is the Jacobian of the forward model with respect to x. Ultimately, S y contributes significantly to the retrieval uncertainty estimate and is highly dependent on forward model sensitivities to assumed parameters (the individual terms in the K b matrix) and on our knowledge of the natural variances and covariances of those properties, as encoded in S b .
With the scaling relationships [Eqs. (7), (9), and (11)], it is straightforward to estimate the partial derivatives of Z e with respect to a m for each estimate of a m from the CAMPS PSD-q dataset using centered finite differences. Then, from the statistics of a m shown in Fig. 6 , we can estimate what would be one of the terms in S y as the uncertainty in forward-modeled Z e due to the derived variability of a m . For illustration purposes, we calculate (› lnZ/› lna m )s am , where s am is the scaled standard deviation of the a m frequency distribution in Fig. 6 approximately a factor of 2. The resulting distribution of the forward-modeled Z e uncertainty from the CAMPS dataset (dB) is shown in Fig. 8 . We find that the mean contribution to S y due to the sensitivity of s b to a m in the m-D relationship and due to the natural variability in a m would be on the order of 4.1 dB, in approximate agreement with the scatter of the specific Z e about the mean Z e shown in Fig. 7 . The other radar frequencies examined (Ka, Ku, and X bands) show nearly identical results.
Conclusions
Computing the microwave single-scattering properties of nonspherical atmospheric ice-phase hydrometeors in the absence of scanning polarimetric radars is often complicated by the fact that assumptions must be made a priori regarding the properties of those particles. While some recent work (Matrosov et al. 2005a; Westbrook et al. 2006; Hogan et al. 2012) has suggested that some simplifications are reasonable, such as values for r of 0.6 and representing ice-phase hydrometeors as mixtures of ice and air; other properties such as bulk densities of ice within this mixture are often assumed in remote-sensingbased cloud and precipitation property retrieval algorithms with only a vague understanding as to the impact of such assumptions on the results. To estimate those sensitivities, it is necessary to have some knowledge of how the forward-modeled remote sensing measurements vary with respect to the assumed property and also of how the assumed properties vary in nature. We have made a preliminary attempt to illustrate these issues in this paper as they relate to forward-calculated radar reflectivity and the prefactor term in the ice crystal m-D relationship.
To satisfy the former requirement, it is necessary to be able to rapidly calculate the sensitivity of the s b as a function of particle size to the assumed particle bulk density relationship. To address this point, we discuss three approximations that allow us to rapidly and accurately scale precomputed TMM s b for arbitrary m-D assumptions, holding the viewing geometry fixed. The latter issue regarding the natural variability of the m-D relationship in nature is addressed in an approximate fashion by holding the exponent or fractal dimension in the m-D power law constant at a value typical of dry snow and solving for the prefactor a m using independently measured PSD and q measurements collected during the CAMPS field campaign. Combining these techniques, we estimate the forward-model uncertainty in Z e due to assumptions in a m to be on the order of 4 dB. This sensitivity is effectively equivalent to calibration uncertainties of this magnitude and would result in more than a factor of 2.5 uncertainty in retrieved ice mass using Z e -q regression relationships reported upon in the literature.
We neglect several important issues in this development. First, it is likely that the prefactor and exponent in the m-D relationships covary in such a way as to mitigate the sensitivity found herein to a m . To determine this covariance, a more sophisticated approach to estimating the m-D relationship is necessary. Given just the PSD and independently measured q, the full problem remains ill-posed and additional information is necessary (A. J. . We are exploring other constraints such as the W-band radar reflectivity measured on board the King Air during CAMPS. However, this remains a topic of future work. Additionally, the TMM assumes a uniform mixture of ice within the spheroidal particle. Recent work (Tyynelä et al. 2013) has shown, using innovative applications of RayleighGans theory, that the specific distribution of ice within the particle is an important factor in determining the single-scattering properties of particles with larger sizeto-wavelength ratios. Being able to statistically account for this dependence in retrieval algorithms would, as discussed above, require knowing not only the sensitivity of the backscatter cross section to this property but also the statistical distribution of the ice mass within natural particles. This latter requirement demands a level of sophistication in the in situ data analysis that goes beyond our present capabilities.
Given the derived sensitivity of forward-calculated radar reflectivity to ice-phase hydrometeor bulk density, represented in this work with varying m-D relationships, our findings indicate the need for a more in-depth understanding of the statistical variability of ice crystal physical properties in nature. Ideally, a statistically comprehensive database of these properties as a function of atmospheric state would allow for the derivation of rigorous uncertainty estimates in remote sensing retrieval algorithms. Given the existence of such a comprehensive database, a logical next step would be to either begin actually retrieving a m and b m in operational radar-based retrieval algorithms or, at a minimum, to include the effects of such assumptions as realistic equivalent forward model uncertainties in the calculation of radar observables in physical retrieval algorithms.
